Apparently there are an infinite number of time· like variables in the Wheeler·DeWitt equation in quantum gravIty. This gives rise to an obvious conceptual difficulty and further becomes an obstacle if one wants to canonically third quantize the universe. In this paper, adopting York's gauge in the path· integral approach, we formulate quantum geometrodynamics so that it contains only a single time·like variable corresponding to the total volume of the universe. § 1. Introduction
The most fundamental equation in quantum geometrodynamics is the so-called Wheeler-DeWitt equation,I) (1) Here hij is the spatial metric tensor, R(3) is the spatial scalar curvature and Too is the energy density of matter. The wave functional of the universe 1ff is primarily a functional of the spatial metric hij and other matter degrees of freedom, if any. The Wheeler-DeWitt equation (1) is the second order functional partial differential equation and should hold at each spatial point x. The supermetric Gijkl in Eq. However, the volume element /h depends on the spatial coordinates. So, it appears that there are continuously an infinite number of time-like variables corresponding to spatial points. This is not what we want, because, if so, we cannot do the causal description of the wave function of the universe 1ff. Further, the canonical third quantization s~ems very difficult,.if there were time-like variables more than two.
We have already encountered a similar case in ordinary quantum field theory, viz., the Tomonaga-Schwinger equation:
where 86(X) is the volume element for the infinitesimal deformation of the space-like hypersurface };at x and H(x) is the Hamiltonian density. As is well known, one can freely choose the most convenient slice of the Minkowski space-time, viz., xO=con-stant on };. This clearly suggests that we can overcome the difficulty of the infinite number of time-like variables in the Wheeler-DeWitt equation, if we choose a suitable gauge, or time-slice. In this paper, we are going to show that this is indeed the case, by using York's slice,2) i.e., mean curvature=constant on the hypersurface};. In the York gauge, we shall see that we have only a single time-like variable and the rest are gravitational wave and matter degrees of freedom. § 2. ADM formalism To simplify the presentation, let us forget matter degrees of freedom and concentrate on the pure gravity.
The action for the Einstein gravity, in the unit 16n-G=1, is cast in a form,3)
Here Kab is the extrinsic curvature, Kab=(ahab/at-Na1b -Na1b )/(2N) and K is its trace, Kabhab. As can be easily read off, the canonically conjugate momentum of hab is given by 7rab=!h(Kab_Khab). The Largange multipliers N:::::-J-goo and Na:::::-goa are the so-called lapse and shift functions. Upon the variation with respect to the lapse and shift functions, we obtain the Hamiltonian and the momentum constraints,
respectively. The standard quantization method by Dirac 4 ) is to first write everything in terms of the canonical variables, hab and 7r ab , replace the conjugatemomentum 7r ab by the differential operat~r -i(8/8hab ) and finally reinterpret the constraint as the conditions to the state 1Ji". Corresponding to the Hamiltonian constraint we have the Wheeler-DeWitt equation (1) shown in the Introduction, while the momentum constraint reads 8 17bMt;;;1Ji"=O.
, (5) The momentum· constraint (5) implies the diffeomorphism invariance of the wave functional of the universe 1Ji".
It is frequently said that the Hamiltonian constraint has a dynamical content, whereas the momentum constraint is a kinematical one. As we shall see, this is not quite precise. Only the homogeneous component of the Hamiltonian is dynamical, that is, generates the time translation and the remaining inhomogeneous ones are not dynamical which have to be treated on the same footing as the momentum constraint. Namely, we have to impose the appropriate gauge conditions to fix the gauge freedom corresponding to the inhomogeneous part of the Hamiltonian constraint and the momentum constraint. § 3. York's time slice
Let us split the extrinsic curvature into the trace K and the traceless part };ab (6) 
The action can be rewritten as (8) Following York, we take a special time slice: the mean curvature K = constant on the hypersurface. We can easily recognize that the action is considerably simplified in this gauge and that the momentum constraint implies the transversality of the traceless part of the extrinsic curvature, York's crucial observation is that the conformally tansformed quantity is traceless and transverse with respect to the conformally transformed metric hab=Q-lhab. (9) This conformal freedom enables us to solve the Hamiltonian constraint while keeping the momentum constraint and is the essence of York's formulation of the initial value problem. In terms of new variables with hats, the Hamiltonian constraint reads
It is known that a unique solution of this equation exists if the spatial manifold is closed and compact provided that "the metric hab and the traceless and transverse part of the extrinsic curvature tab are given on a spatial hypersurface with a mean curvature K. By conformally transforming back, we can obtain the metric hab and the extrinsic curvature Kab which satisfy both the momentum and Hamiltonian constraints. So far is the standard prescription for the initial value problem.
In the following section we will use a similar conformal technique. § 4. The path integral
In the case of the asymptotically flat space-time, the dynamical content is contained in the surface term. 5 ) On the contrary, in the case of the compact space on which we are concentrating, only the homogeneous component of the Hamiltonian is dynamical. Therefore, it is convenient to decompose the Hamiltonian constraint to the homogeneous part and the inhomogeneous ones such that
where H is the Hamiltonian constraint. We shall demonstrate how to entangle the inhomogeneous parts of the conformal factor. Now, we shall start from the following path integral expression:
Here, we have taken York's time slice. At this stage, we make the following orthogonal decomposition:
with Jr=Jrabh ab, where (Lw)ab=17aWb+17bwa-2hab17cwc/3 and the measure of the metric part takes the form
where va represents the longitudinal part of the metric and henceforth hereafter dhab denotes the integration measure of physical degrees of freedom. Using this decompo-.sition, we obtain the following expression:
where
Here we used the delta functional in the integrand. As the integrand is diffeomorphism invariant, we can factor out the integration measure of the longitudinal part of the metric. After performing the integration of the longitudinal part of the extrinsic curvature, the path integral becomes j HdaabHd(/hr)HdhabdQHO'(HQ)
where Using Eq. (11) and inserting the identity (17) we obtain
The following part of measure:
j HdQHO'(HQ-/h Q3/2E)Hldet{r, HQ}I becomes the identity and the Q is solved as a functional of aab, hab, rand E(t). Furthermore,
eliminate E from the action and Q is now the functional of aab, hab, rand v. Thus the final form of the path integral becomes
This equation (20) In this paper, we have demonstrated that quantum geometrodynamics contains only a single time-like variable correspondipg to the total volume of the universe. This is requisite for canonically formulating:the·gravity as a quantum field theory on the superspace.
We have .started our argument with the phase space path integral on the basis of Faddeev's prescription for general constrained systems and chosen York's gauge, the mean curvature = constant on the spatial hypersurface. There the inhomogeneous components of the Hamiltonian constraint as well as the momentum constraint were treated as kinematical, i.e., constraints to be solved completely. Only the physical modes corresponding to gravitational waves remain after the longitudinal and conformal modes are eliminated by solving the constraints. {,On the other hand, the homogeneous part of the Hamiltonian constraint has a whole dynamical content and plays a role of the time (= the volume of the universe) translation generator. This reduction is our main result.
In our procedure, York's time slice has been technically crucial. Its shortcoming may be that the time slicing is legitimate only in a finite range of tim.e interval and cannot be defined globally in space-time. It remains to be seen whether our method works in other gauges than Y ork's ga~ge.
In our manipulation of changing the variables, we solved the equation for the conformal factor Q, This equation is known to have a unique solution. We also traded E for v by solving At :this stage we may encounter branches of solutions more than two .
. Although it is not easy to explicitly solve the Hamiltonian constraint in the physical (3+ I)-dimensional space-time, yve can solve it completely in the case of toroidal universe in (2+ I)-dimensional gravity. It was previously shown 6 ), 7) in that case that the geometrodynamics reduce~ to the dynamics of the relativistic point particle in the Teichmtiller space with the Poincare metric. So the third quantization of the torus universe is straightforward to work out.
We hope that our present investigation will provide an insight into the topology changing phenomena in quantum gravity from the third quantization point of view. The recently proposed theory of vanishing cosmological constantS) is related to this problem, where the branching-off process of baby universes plays an essential role. To this end we need a method to extract physical information from the obtained reduced Hamiltonian which is unfortunately rather implicit in its form. It is amusing to point out that in string theories one needs to choose a specific gauge, e.g., the light-cone gauge, if one wants to second quantize the string field and that only the A. Hosoya and J Soda· homogeneous part of the Virasoro generator plays a role of Hamiltonian. 9 ) 
